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Abstract
We find the asymptotic formula for quasinormal mode frequencies ωn of the Dirac equation in
a Schwarzschild-AdSD background in space-time dimension D > 3, in the large black-hole limit
appropriate to many applications of the AdS/CFT correspondence. By asymptotic, we mean large
overtone number n with everything else held fixed, and we find the O(n0) correction to the known
leading O(n) behavior of ωn. The result has the schematic form ωn ≃ n∆ω+A lnn+B, where ∆ω
and A are constants and B depends logarithmically on the (D−2)-dimensional spatial momentum
k parallel to the horizon. We show that the asymptotic result agrees well with exact quasinormal
mode frequencies computed numerically.
I. INTRODUCTION AND RESULTS
A. Overview
There has been a great deal of numerical and analytic work on quasinormal modes of black
holes. (For some modern reviews, see Refs. [1, 2].) Because of gauge-gravity duality, one
case of particular interest over the last decade has been that of black holes in asymptotically
anti-de Sitter spacetimes. In this case, low-lying quasinormal mode frequencies can be
related to the poles of Green functions [3–6] and so to the long distance exponential fall-off
of various correlators in certain finite-temperature and finite-density field theories. Also, the
full set of quasinormal frequencies can be related to functional determinants in the gravity
theory, which are dual to ‘1/N ’ corrections to strongly-coupled field theories [7, 8]. Except
in a few special cases, exact computation of quasinormal modes requires numerics. But it is
generally possible, using WKB-like methods, to obtain analytic results for quasinormal mode
frequencies ωn in the limit of large overtone number n — that is, in the limit of large |ωn|.
In most cases, quasinormal mode frequencies are evenly spaced at large n, with asymptotic
expansion
ωn ≈ n∆ω + constant + · · · , (1.1)
where ∆ω is the asymptotically constant spacing between successive ωn. In most cases, the
asymptotic expansion has been computed analytically to at least O(n0), so as to include the
constant term on the right-hand side of (1.1). In this paper, we focus on the limit where n
is taken large while holding other quantities fixed (such as mass m and spatial momentum
k parallel to the horizon).
The goal of the present paper is to fill one gap in the literature concerning such asymptotic
formulas for ωn. To our knowledge, nobody has previously analyzed analytically the case
of quasinormal modes of half-integer spin fields in Schwarzschild-AdS (SAdS) spacetimes
through O(n0), except in the special low-dimensional case of BTZ black holes [9] (in bulk
space-time dimension D=3), where exact analytic results for all ωn may be found [10]. In
this paper, we specialize to the case of spin-1
2
fields in SAdSD with D > 3. We will find a
result that has the schematic form
ωn ≈ n∆ω + A lnn+B + · · · , (1.2)
and we will evaluate all the terms through O(n0). An interesting and unusual feature
here is the lnn term. Such dependence on lnn does not arise for quasinormal modes of
asymptotically flat black holes (see [11] for an analysis of the spin-1
2
case), nor does it
arise in the analysis of spin-0 or spin-2 quasinormal modes of SAdS [12–14].1 However,
a logarithmic dependence has been found for spin-1 quasinormal modes of SAdS for D=4
[14]. Our result shows that the spin-1
2
case has a logarithm in all dimensions D > 3. We
will verify our result by comparison to (i) existing numerical results for the special case of
1 Depending on their background, some readers of refs. [12, 13] may need to be warned about terminology:
the “scalar-type,” “vector-type,” and “tensor-type” perturbations referred to there do not respectively
refer to spin 0, 1, and 2 fields but instead classify different components of gravitational perturbations.
See, for example, the discussion of gravitational perturbations in section 2.1 of ref. [1]. However, the
“tensor-type” case has the same equation of motion as a massless, minimally-coupled spin-0 field.
2
massless Dirac fermions in D=4 [15] and (ii) our own numeric calculations for massive Dirac
fermions in D=5.
We note in passing that the case of massive spin-1
2
fields in SAdS arises naturally in the
duality between strongly-coupled N=4 super Yang-Mills theory and Type IIB supergravity
on AdS5 × S5 (or SAdS5 × S5 for finite temperature) because the Kaluza-Klein reduction
on S5 gives mass to all spin-1
2
fields in (S)AdS5 [16].
For the sake of simplicity of discussion and of AdS/CFT applications to infinite-volume
systems, we will focus on black branes, which correspond to the limiting case of arbitrarily
“large” black holes. In the remainder of this introduction, we review the corresponding
metric and set up our choice of coordinates, and then we summarize our analytic results
for the asymptotic quasinormal mode frequencies. The derivation is given in section II.
In section III, we explain our numerical method for computing exact quasinormal mode
frequencies in the massive case. Finally, comparison of our asymptotic formulas to both our
own numerics and the numerics of ref. [15] is given in section IV, and the log(n) term in the
expansion (1.2) is verified.
As mentioned earlier, in this paper we study the limit of large overtone number n with
all other parameters held fixed. Readers interested in other limits may find a discussion
of large chemical potential µ in [17] (with specific calculations in a probe approximation).
Also, in the case of scalar rather than spin-1
2
fields, a discussion of large mass m may be
found in refs. [18, 19] and large momentum k in ref. [20].
B. Metric
Two standard, equivalent forms of the SAdSD black-brane metric in D space-time di-
mensions are
ds2 =
L2
z2
[−f dt2 + dx2 + f−1dz2] (1.3a)
and
ds2 = −F dt2 + r2 dx
2
L2
+ F−1dr2, (1.3b)
where L is the radius associated with the asymptotic AdS space-time,
z =
L2
r
, (1.4)
f ≡ 1−
(rh
r
)D−1
= 1−
( z
zh
)D−1
, (1.5a)
and2
F ≡ r
2f
L2
=
L2f
z2
. (1.5b)
The boundary of AdS is at z = 0 and r =∞, the black hole horizon is at z = zh and r = rh,
and the singularity is at z =∞ and r = 0. (Since both z and r are common variable choices,
2 Many papers in the literature refer to our F as f , in which case our f would be their f/r2 (in the large
black hole limit).
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depending on context, we will occasionally jump back and forth between them in order to
facilitate comparison of formulas with the rest of the literature on quasinormal modes.)
We will consider fermions of mass m propagating in this metric background. In appli-
cations of gauge-gravity duality, masses m of the spin-1
2
fields in the gravity theory are
related by duality to conformal dimensions ∆ of spin-1
2
operators in the field theory by
|mL| = ∆− 1
2
(D − 1) [21].
C. Asymptotic Results
The result we find in this paper for (retarded) quasinormal mode frequencies of massive
spin 1
2
fermions in SAdS is
ωn±
πT
≃ 4e−ipi/(D−1) sin
( π
D − 1
)
×
[
n− i
2π
ln
(
na
|k|/πT
)
+ 1
2
(|mL| − 1± 1
2
) +
(D − 3)2
8(D − 1)(D − 2) +
iξ
π
]
(1.6)
(massive Dirac fermion, D > 3),
where k is the (D−2)-dimensional spatial momentum conjugate to x in (1.3),
T =
(D − 1)rh
4πL2
=
(D − 1)
4πzh
(1.7)
is the Hawking temperature of the black hole,
ξ ≡ −a
2
ln
(
4 sin
( π
D − 1
))
+
(1− a)
2
ln(1− a) + 1
2
ln
[
Γ(a) sin(πa)
]
, (1.8)
and
a ≡ (D − 3)
2(D − 2) . (1.9)
We assume k 6= 0 here and throughout. The leading O(n) piece of our result (1.6) was
known previously from numerical results on the asymptotic spacing between modes for
massless spin-1
2
fermions in D=4 [15] and is the same for general D as the leading O(n)
result for fields of other spin [12, 14, 22].3 Some authors adopt the convention of studying
advanced rather than retarded quasinormal modes (outgoing rather than infalling boundary
condition at the horizon), which corresponds to taking the complex conjugate of our result.
The ± sign in (1.6) distinguishes different spin states, in a way to be made precise later.
The formula (1.6) only shows the quasinormal mode frequencies ω = ωn± in the right-half
complex plane. The corresponding quasinormal frequencies in the left-hand plane are given
by ω = −ω∗n∓.
For D=5, our result specializes to
ωn±
πT
≃ 2(1− i)
[
n− i
2π
ln
(
n1/3
|k|/πT
)
+ 1
2
(|mL| − 1± 1
2
) +
1
24
+
iξ5
π
]
(1.10)
3 This is not an accident, as the monodromy arguments used to determine asymptotic behavior analytically
do not depend on spin at leading order in n.
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FIG. 1: Retarded quasi-normal mode frequencies in the complex ω plane for D=5, mL = 12 , and
spin states with σ · kˆ = +1 (as defined in section IIA). Note that the figure is not left-right
symmetric. The result for σ · kˆ = −1 is the left-right mirror image of this figure, as required by
parity. The red circles are numerical results for |k|/πT = 0.3, and the blue squares are those for
|k|/πT = 2.3. The correspondingly colored crosses show the asymptotic formula (1.10).
(massive Dirac fermion, D = 5),
with
ξ5 =
1
2
ln Γ(1
3
)− 1
12
ln 3− 5
12
ln 2 = 0.112348. (1.11)
Henceforth, we will assume thatm is chosen by convention to be positive, and so we will drop
the absolute value signs in (1.6) and elsewhere. Fig. 1 gives a first look at the comparison
of our numerical results (described later) for exact quasi-normal mode frequencies and the
asymptotic formula (1.10) for D=5, mL = 1
2
, and two different values of |k|. We will make
more precise comparisons later on.
Massless fermions are a special case and require a careful discussion of boundary con-
ditions, to be given later. Massless fermions have previously been studied numerically by
Giammatteo and Jing [15] in D=4. We will find that, for their choice of boundary condi-
tions, the analytic result for large n happens to be given by the same mathematical formula
as (1.6) if you plug in |mL| = 3
2
instead of the naive choice |mL| = 0. For comparison to
the D=4 simulations of Giammatteo and Jing, whose numerical results are for the case we
call ωn+ in the lower-right complex plane, our result is then
ωn+
πT
≃ e−ipi/32
√
3
[
n− i
2π
ln
(
n1/4
|k|/πT
)
+
25
48
+
iξ4
π
]
(1.12)
(massless Dirac fermion, D = 4),
with
ξ4 =
1
2
ln Γ(1
4
) + 5
16
ln 3− 9
8
ln 2 = 0.207537 . (1.13)
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II. DERIVATION
A. The Dirac equation
The Dirac equation in curved space is
ΓMDMΨ−mΨ = 0 (2.1)
where {ΓM ,ΓN} = 2gMN and where the covariant derivative DM contains a spin-connection
term. As noted by Herzog and Ren [17], the Dirac equation may be simplified in the case
of metrics of the form
ds2 = gtt(z) dt
2 + gxx(z) dx
2 + gzz(z) dz
2 (2.2)
by rescaling
ψ ≡ (−ggzz)1/4Ψ. (2.3)
The result is [√
−gtt γt∂t +
√
gxx γi∂i +
√
gzz γz∂z −m
]
ψ = 0, (2.4)
where the γm are flat-spacetime γ matrices with {γm, γn} = 2ηmn and the index i runs over
the D−2 dimensions of x. Equivalently, working in momentum space kµ = (−ω,k) for all
coordinates except z,[
−i
√
−gtt γtω + i√gxx γiki +
√
gzz γz∂z −m
]
ψ = 0, (2.5)
In the case of the SAdS metric (1.3), this is
ψ ≡ (Lz)−(D−1)/2f 1/4Ψ (2.6)
giving [−izf−1/2γtω + izγ · k + zf 1/2γz∂z −mL]ψ = 0. (2.7)
It is standard and convenient to split ψ into two pieces ψ± according to their chirality under
γz. We choose a representation of the Dirac matrices of the form
γz =
(
1
−1
)
= τ3⊗1 , γt = i
(
0 1
1 0
)
= iτ1⊗1 , γ =
(
0 iσ
−iσ 0
)
= −τ2⊗σ. (2.8)
Here the τi are Pauli matrices that mix the ψ+ and ψ− of
ψ =
(
ψ+
ψ−
)
, (2.9)
and the σ are D−2 anti-commuting matrices with {σi, σj} = 2δij (also Pauli matrices in
the cases D=4 and D=5). In this notation, the Dirac equation (2.7) becomes (multiplying
by f 1/2γz/z) [
−f∂z − iωτ2 +mL f
1/2
z
τ3 + f
1/2τ1σ · k
](
ψ+
ψ−
)
= 0 (2.10)
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or equivalently4 [
F∂r − iωτ2 +mF 1/2τ3 + f 1/2τ1σ · k
](ψ+
ψ−
)
= 0. (2.11)
The combination −f∂z = F∂r is just the derivative ∂r∗ with respect to the tortoise coordinate
r∗ defined by
dr∗ ≡ −dz
f
=
dr
F
. (2.12)
We may choose the solutions to be eigenstates of σ · k (or equivalently γzγtγ · k) with
eigenvalue
k ≡ ±|k|. (2.13)
The ± sign above is the same ± used to distinguish the different cases in our final result
(1.6). With this notation,
[
∂r∗ − iωτ2 +mF 1/2τ3 + kf 1/2τ1
](ψ+
ψ−
)
= 0. (2.14)
The quasinormal mode boundary conditions that we will apply are that (i) ψ vanishes
at the boundary of AdS (except in the massless case to be discussed later) and (ii) ψ is
infalling at the horizon, i.e. ψ ∼ e−iωr∗ near the horizon. Note that if ψ = ψ˜(ωn, K, r) is
a solution to (2.14) with these boundary conditions for complex ω = ωn and real k = K,
then ψ = τ3[ψ˜(ωn, K, r)]
∗ also solves (2.14) and satisfies the boundary conditions, but with
ω = −ω∗n and k = −K. This transformation maps solutions in the right-half complex ω
plane with one sign ± of σ · kˆ to solutions in the left-half complex plane with the other sign
∓ of σ · kˆ. In the discussion that follows, we will focus on the solutions in the right-half
plane.
B. The Method
To find the asymptotic quasinormal mode frequencies, we will use the Stokes line method
nicely reviewed in ref. [12]. Start by taking the naive large-ω limit of (2.14), which is
[∂r∗ − iωτ2]
(
ψ+
ψ−
)
≈ 0 (2.15)
and has solution
ψ ≃ A+eiωr∗ + A−e−iωr∗ . (2.16)
One difficulty with this approximation is that there are regions where the other terms in
(2.14) may not be ignored, even when ω is large. This happens near the boundary (r =∞)
and the singularity (r = 0), and so one must do a matching calculation if one wishes to
follow the solution there. A more serious difficulty is that the quasinormal frequencies ω
that we are looking for have imaginary parts, and so one of the two terms in the solution
(2.16) will become exponentially small compared to the other as we follow the solution from
4 An equivalent equation may be found in ref. [23] in terms of the original Ψ± rather than ψ±. There is a
sign convention difference in the subscript of Ψ± related to whether one defines the sign by γ
z or γr.
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the boundary to the horizon, and so that term becomes smaller than the error of the large-ω
solution. To avoid this difficulty, one lifts r from the real axis to the complex plane and
traces Stokes lines, defined by Im(ωr∗) = 0, for which the magnitude of the two terms in
(2.16) remain the same size. For analyzing asymptotic quasinormal mode frequencies, it is
adequate to use the leading-order O(n) formula for ω in the Stokes condition, which in SAdS
has complex phase ω ∝ e−ipi/(D−1) as in (1.6). So the Stokes lines are given by
Im
(
e−ipi/(D−1)r∗
) ≃ 0. (2.17)
We choose the tortoise coordinate r∗ to be zero at the singularity r = 0, in which case (2.12)
gives
r∗ =
D−1∑
n=1
ln
(
1− r
rn
)
F ′(rn)
=
L2
(D − 1)rh
D−1∑
n=1
ei2npi/(D−1) ln
(
1− r
rh
ei2npi/(D−1)
)
, (2.18)
where rn = e
−i2npi/(D−1)rh are the roots of F (r) and we have written the formula in a way
appropriate for our choice of cuts in later discussion. Following the path of discussion in
ref. [12, 13] (which so far is independent of the spin of the field), a qualitative sketch of the
particular Stokes lines (2.17) that we will use is given in fig. 2. By following these Stokes
lines, we can relate the boundary condition at r=∞ to the solution near the singularity r=0
and thence in turn to the boundary condition at the horizon r=rh. The WKB solution (2.16)
is not valid very close to the boundary or to the singularity, so we will have to separately
solve the Dirac equation in those limiting cases in order to match to the WKB solutions.
Given our conventions, the tortoise coordinate r∗ vanishes at the singularity r=0, the
Stokes line from the singularity to |r|=∞ has ωr∗ positive, and the Stokes line from the
singularity to the horizon r=rh has ωr∗ negative.
Note, by the way, that (2.16) is the form of the exact solution to the Dirac equation (2.14)
in the case that both m and k are zero. However, (2.16) cannot simultaneously satisfy the
quasinormal mode boundary conditions that it vanish at the boundary of AdS and that
it have only the e−iωr∗ component at the horizon. The existence of any quasinormal mode
solution therefore depends on non-zerom or k. This will be the origin of why our asymptotic
formula (1.6) for ωn depends on |k|.
C. Matching at the boundary r → ∞
Near the boundary, f → 1 and the SAdS metric approaches that of pure AdS. The Dirac
equation (2.14) reduces to[
r2
L2
∂r − iωτ2 + mr
L
τ3 + kτ1
](
ψ+
ψ−
)
≃ 0 (2.19)
or equivalently [
∂z + iωτ2 − mL
z
τ3 − kτ1
](
ψ+
ψ−
)
≃ 0, (2.20)
whose solution is well known [24, 25]. Applying −∂z + iωτ2 −mLz−1τ3 − kτ1 to (2.20),[
−∂2z +
(2mL− 1)2 − 1
4z2
]
ψ+ = Ω
2ψ+, (2.21)
8
Re r
r= rh
/( −1)Dpi
r=0 /( −2)Dpi
ω
r
* positive
Im
r
ωr*
negative
= ∞r ||
FIG. 2: A qualitative picture of the relevant Stokes lines Im(ωr∗) = 0 in the complex r plane
for following WKB between the boundary (r = ∞) and the horizon (r = rh). The path passes
through the singularity (r = 0) in SAdSD. The other Stokes lines emanating from the origin are
not shown, one of which escapes to −e−ipi/(D−1)∞ and the others which spiral into the complex-
valued horizons r = e−i2npi/(D−1)rh for n = 1, · · · ,D− 2. (The spiral into the horizon shown above
crosses a cut in the definition of r∗ emanating from r = rh, and the curve spirals onto higher and
higher Riemann sheets.) Given our retarded convention for ω, this figure is the complex conjugate
of similar diagrams in refs. [12, 13].
[
−∂2z +
(2mL+ 1)2 − 1
4z2
]
ψ− = Ω
2ψ−, (2.22)
where
Ω2 ≡ ω2 − |k|2. (2.23)
Independent solutions may be expressed in terms of Bessel functions as
√
Ωz Jν(Ωz) and√
Ωz Yν(Ωz) with ν = mL∓ 12 for ψ±. Note that solutions for ψ+ and ψ− are not independent
from each other but are related by the original equation (2.20).
1. Massive fields
For massive fields, we may impose the boundary condition that the field ψ vanish at the
boundary z=0, which selects the Jν solutions. The corresponding solution to the original
first-order equation (2.20) is
(
ψ+
ψ−
)
∝
( √
2πΩz JmL− 1
2
(Ωz)
Ω
ω−k
√
2πΩz JmL+ 1
2
(Ωz)
)
. (2.24)
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We’re interested in the large-ω limit of |ω| ≫ |k|, in which case this becomes
(
ψ+
ψ−
)
∝
(√
2πωz JmL− 1
2
(ωz)√
2πωz JmL+ 1
2
(ωz)
)
(2.25)
with asymptotic expansion(
ψ+
ψ−
)
∝
(
2 cos(ωz − pi
2
mL)
2 sin(ωz − pi
2
mL)
)
=
(
e−imLpi/2eiωz + eimLpi/2e−iωz
−ie−imLpi/2eiωz + ieimLpi/2e−iωz
)
(2.26)
away from the boundary (i.e. for ωz ≫ 1). It will be useful later to rewrite this in terms of
τ1 as (
ψ+
ψ−
)
∝ [−iτ1e−imLpi/2eiωz + eimLpi/2e−iωz]
(
1
i
)
. (2.27)
In order to move beyond the z≪zh approximation, we need to match the asymptotic form
(2.27) to the general WKB form (2.16). To that end, we need the near-boundary expression
for the tortoise coordinate r∗ of (2.18), which is
r∗ ≃ r∗0 − z, (2.28)
where, for the f specific to SAdS (1.5),
r∗0 ≡ r∗
∣∣
boundary
=
πeipi/(D−1)
F ′(rh) sin( piD−1)
=
eipi/(D−1)
4T sin( pi
D−1)
. (2.29)
And so (2.27) may be written as
ψ ∝ [eimLpi/2e−iωr∗0eiωr∗ − iτ1e−imLpi/2eiωr∗0e−iωr∗]
(
1
i
)
. (2.30)
It will be useful later to imagine expanding the result in terms of τ1 eigenstates. We won’t
actually need to be any more explicit than we already have been, but one could accordingly
rewrite (
1
i
)
∝ eipi/4
(
1
1
)
+ e−ipi/4
(
1
−1
)
(2.31)
above, if desired.
2. Massless fields
For the massless case m=0, the solutions involving Jν and Yν near the boundary are(
ψ+
ψ−
)
∝
(
cos(Ωz)
Ω sin(Ωz)
ω−k
)
(2.32)
and (
ψ+
ψ−
)
∝
(
sin(Ωz)
−Ωcos(Ωz)
ω−k
)
(2.33)
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respectively, and no non-trivial combination vanishes at the boundary. Our interest in this
case will be for comparison with the numerical results of Giammatteo and Jing [15], and so
we should apply their boundary conditions, which in our language is that ψ+ = ψ− at the
boundary.5 In the large ω limit of interest, this fixes the combination to be(
ψ+
ψ−
)
∝
(
cos(ωz)− sin(ωz)
sin(ωz) + cos(ωz)
)
, (2.34)
which can be rewritten as(
ψ+
ψ−
)
∝ e−ipi/4 [τ1eiωz + e−iωz]
(
1
i
)
≃ e−ipi/4 [e−iωr∗0eiωr∗ + τ1eiωr∗0e−iωr∗]
(
1
i
)
. (2.35)
This m=0 case with Giammatteo’s and Jing’s boundary condition has the same asymptotic
expansion as the mL = 3
2
case of (2.30), which implemented the usual boundary condition
of avoiding singularities at the boundary for m > 0. As it turns out, the matching near the
boundary is the only place where the mass m will enter the calculation of the quasi-normal
mode frequencies to the order at which we are working. So we need not discuss the massless
case any further: to compare to Giammatteo and Jing, just set D = 4 and mL = 3
2
in the
formulas that we will derive for the massive case.
D. Matching at r → 0
From the previous discussion, we now know the asymptotic expansion along the Stokes
line from |r| = ∞ to the singularity r = 0 in fig. 2. For now, let’s generically refer to this
expansion as
φ ≃ B+eiωr∗ + B−e−iωr∗ (ωr∗ positive), (2.36)
and we will save for later using the explicit from (2.30). Our task now is to solve the Dirac
equation near the singularity and thereby relate the coefficients B± above to coefficients A±
for a similar asymptotic expansion along the other Stokes line in fig. 2, which leads to the
horizon:
φ ≃ A+eiωr∗ +A−e−iωr∗ (ωr∗ negative). (2.37)
1. The r→ 0 Schro¨dinger problem
For small r and large ω, the dominant terms in the Dirac equation (2.14) are6[
F∂r − iωτ2 − ik
(rh
r
)(D−1)/2
τ1
](
ψ+
ψ−
)
≃ 0, (2.38)
5 Eq. (2.18) of Giammatteo and Jing [15] is the same as the massless version of our (2.14) if one identifies
their F and G with our ψ− − ψ+ and ψ− + ψ+ respectively, their f with our F = r2f/L2, and their k±
with our kL. They subsequently impose the boundary condition that their F vanish at the boundary of
AdS.
6 We have chosen the sign of the −ik term in (2.38) by going around the singularity at r = rh in the
lower-half complex r plane, according to the Stokes line from the boundary to the singularity in fig. 2.
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assuming k 6= 0. Now apply −F∂r − iωτ2 − ik(rh/r)(D−1)/2τ1 to (2.38), and expand. The
result is a Schro¨dinger-like equation[−∂2r∗ + Vsing(r)]ψ ≃ ω2ψ, (2.39)
with
Vsing(r) = −k2
(rh
r
)D−1
+ iτ1k
(D − 1)r3(D−1)/2h
2L2 r(3D−5)/2
. (2.40)
For the case of D > 3 considered in this paper, the first term in (2.41) is sub-dominant for
small r and so may be dropped:
Vsing(r) ≃ +iτ1k (D − 1)r
3(D−1)/2
h
2L2 r(3D−5)/2
. (2.41)
Now rewrite this potential in terms of the tortoise coordinate r∗. For small r, (2.12)
and/or (2.18) give
r∗ =
∫ r
0
dr′
F (r′)
≃ − L
2rD−2
(D − 2)rD−1h
, (2.42)
and so7
r ≃ e−ipi/(D−2)
[
(D − 2)rD−1h r∗
L2
]1/(D−2)
. (2.43)
Then
Vsing ≃ −τ1 κ
r2−a∗
(2.44)
with a defined as in (1.9) and
κ ≡ eipi( 32−a) (D − 1)
2(D − 2)2−a
(
L2
rh
)1−a
k. (2.45)
2. The solution
We want to solve the equation[
−∂2r∗ − τ1
κ
r2−a∗
]
ψ = ω2ψ. (2.46)
It’s convenient to think in terms of eigenstates of τ1 and treat τ1 simply as a sign ± in what
follows. Accordingly, defining the number κ¯ ≡ τ1κ and dropping consideration of the spinor
structure, our equation has the form[
−∂2r∗ −
κ¯
r2−a∗
]
φ = ω2φ. (2.47)
7 The branch in (2.43) has been chosen so that ωr∗ positive real with argω = − arg r∗ = −iπ/(D − 1)
corresponds to the Stokes line between the singularity and boundary shown in fig. 2.
12
We don’t know of a closed form solution to this equation. However, in the large ω limit, we
can see that it is adequate to solve perturbatively in κ¯. Treating κ¯/r2−a∗ as small compared
to ω2 requires
|r∗| ≫
∣∣∣ κ¯
ω2
∣∣∣1/(2−a) . (2.48)
On the other hand, in order to match the WKB expansions (2.36) to (2.37), we need the
solution in a region where neither e+iωr∗ nor e−iωr∗ becomes exponentially small (and so
small compared to the approximation error in the other solution) at any time in the process
of rotating arg(ωr∗) from 0 to π. That requires
|ωr∗| . 1. (2.49)
Fortunately, both conditions (2.48) and (2.49) can be simultaneously satisfied if
|κ¯| ≪ |ω|a. (2.50)
Since a = (D − 3)/2(D − 2), (2.50) will always be satisfied for sufficiently large |ω| at fixed
|k| provided that D > 3.8 Using (1.7) and (2.45), the condition can be cast into the form
|k|
T
≪
( |ω|
T
)2−a
. (2.51)
The solutions to the unperturbed (κ¯=0) version of (2.47) are simply e±iωr∗ . So write
φ = e±iωr∗(1 + κ¯ξ) and linearize the equation in κ¯, giving
e∓2iωr∗∂r∗
(
e±2iωr∗∂r∗ξ
) ≃ − 1
r2−a∗
. (2.52)
The corresponding solutions are
φ(±) ≃ e±iωr∗
[
1− κ¯
∫ ∞
r∗
dr′∗ e
∓2iωr′
∗
∫ ∞
r′
∗
dr′′∗
e±2iωr
′′
∗
(r′′∗)2−a
]
. (2.53)
The integral gives
φ(±) ≃ e±iωr∗ + κ¯ Γ(a,∓2iωr∗)
(∓2iω)a(1− a) e
∓iωr∗ , (2.54)
where Γ(a, z) is the incomplete Γ function
Γ(a, z) ≡
∫ ∞
z
dt e−tta−1 ≡ Γ(a)− γ(a, z). (2.55)
8 For the case D = 3 and so a = 0, one could solve (2.47) directly in terms of Bessel functions, also
incorporating the previously dropped first term in (2.40). However, finding asymptotic WKB results is
not important in the D = 3 case because that’s the case of a BTZ black hole, for which exact results are
known [10].
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3. The matching
The asymptotic behavior of the incomplete Γ function is
Γ(a, z) ≃ za−1e−z (|z| → ∞ with | arg z| < 3pi
2
). (2.56)
For positive real ωr∗, the magnitude of the second term in the solution (2.54) therefore falls
algebraically for ωr∗ ≫ 1 since the exponent a− 1 = −(D− 1)/2(D− 2) is negative, and so
the asymptotic behavior of these solutions is
φ(±) → e±iωr∗ (ωr∗ positive). (2.57)
We now need to match this to the asymptotic behavior on the negative ωr∗ Stokes line in
fig. 2. Near the origin, moving from the positive ωr∗ line clockwise to the negative ωr∗ line
in that figure corresponds to rotating r by eipi/(D−2) and r∗ by eipi. Then, along the negative
ωr∗ Stokes line, arg(−iωr∗) = pi2 again satisfies the condition for (2.56), and so
φ(+) → eiωr∗ (ωr∗ negative) (2.58)
just like in (2.57).
The interesting case is what happens to the asymptotic expansion of φ(−) when we ana-
lytically continue from the positive ωr∗ line to the negative ωr∗ line. In order to keep phases
straight, it is convenient to rewrite
ωr∗ = e
ipiωy (2.59)
along the negative ωr∗ Stokes line, with ωy = −ωr∗ positive. In this case, arg(iωr∗) = 3pi2 ,
which does not satisfy the condition of (2.56). From the integral formula
γ(a, z) ≡
∫ z
0
dt e−tta−1, (2.60)
one can show the monodromy relation
γ(a, ei2pinz) = ei2pinaγ(a, z) (2.61)
for integer n, and so
Γ(a, ei2pinz) = [1− ei2pina]Γ(a) + ei2pinaΓ(a, z). (2.62)
Using this relation, we can rewrite
Γ(a, 2iωr∗) = Γ(a, e
i3pi/22ωy) = [1− ei2pia]Γ(a) + ei2pia Γ(a, e−ipi/22ωy) (2.63)
and then use the standard expansion (2.56) to show that the last term disappears at large
positive ωy. The result is that (2.54) yields
φ(−) → e−iωr∗ − κ¯ [1− e
i2pia] Γ(a)
(2eipi/2ω)a(1− a) e
iωr∗ (ωr∗ negative). (2.64)
Using κ¯ ≡ τ1κ and (2.45) for κ and (1.7) for T , this can be written as
φ(−) → e−iωr∗ + τ1λ (k/πT )
(ω/πT )a
eiωr∗ (ωr∗ negative), (2.65)
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where
λ ≡ e−ipia/2(1− a)1−a Γ(a) sin(πa). (2.66)
The upshot of (2.57), (2.58), and (2.65) is that an expansion
φ ≃ B+eiωr∗ + B−e−iωr∗ (2.67)
on the positive ωr∗ Stokes line corresponds to an expansion
φ ≃
[
B+ + τ1λ (k/πT )
(ω/πT )a
B−
]
eiωr∗ + B−e−iωr∗ (2.68)
on the negative ωr∗ Stokes line. Writing the latter as
φ ≃ A+eiωr∗ +A−e−iωr∗ (ωr∗ negative), (2.69)
the relationship is (A+
A−
)
=
(
1 τ1λ
(k/piT )
(ω/piT )a
0 1
)(B+
B−
)
. (2.70)
E. Putting it all together
We now impose the infalling boundary condition at the horizon, which is that the eiωr∗
term in the expansion (2.69) must vanish along the negative ωr∗ Stokes line that connects
the singularity r=0 to the horizon. From (2.68) that condition is
B+ = −τ1λ (k/πT )
(ω/πT )a
B−. (2.71)
On the other hand, along the positive ωr∗ Stokes line, comparison of the WKB form (2.36) to
the form (2.30) that we got from applying the quasinormal mode condition at the boundary
(r →∞) gives
B− = −iτ1e2iωr∗0−imLpiB+. (2.72)
Consistency of (2.71) and (2.72) requires the condition
iλ
(k/πT )
(ω/πT )a
e2iωr∗0−imLpi = 1, (2.73)
which determines the quasi-normal mode frequencies. This condition is satisfied when
ipi
2
+ ln
(
λ
(k/πT )
(ω/πT )a
)
+ 2iωr∗0 − imLπ = i2πn (2.74)
for integer n. Solving for ω by iteration in the large n limit, and using eq. (2.29) for r∗0 and
(2.66) for λ, then produces the result
ωn±
πT
≃ 4e−ipi/(D−1) sin
( π
D − 1
)
×
[
n− i
2π
ln
(
na
k/πT
)
+ 1
2
(|mL| − 1
2
) +
(D − 3)2
8(D − 1)(D − 2) +
iξ
π
]
, (2.75)
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with ξ defined as in (1.8). Now recall from the definition (2.13) of k that k = ±|k|, depending
on the spin state. Eq. (2.75) may then be recast in terms of |k| as the result (1.6) quoted
in the introduction.9
III. NUMERICAL METHOD
In this section, we discuss our numerical method for finding quasinormal mode frequencies
in the massive case, which we will use to test the asymptotic result (1.6). We have not made
exhaustive comparisons to find the most efficient numerical algorithm in the spin-1/2 case,
but we will just use a variation on one of the methods often used in the literature. We
will find a recursion relation for a series solution to the Dirac equation expanded about the
horizon. We will use that recursion relation to evaluate that series at the AdS boundary
as a function of ω (for given m and |k|). Then we will search the complex ω plane to find
values ω=ωn where the value at the AdS boundary vanishes.
It is useful to have an equation that eliminates the spinor structure from the Dirac
equation (2.14). It is also convenient to have an equation that does not involve square roots
of f , since square roots in our equation will not generate a recursion relation (for the series
solution) that has a bounded number of terms. (However, if one must, it is possible to get
by with an unbounded number of terms in the recursion relation, as in ref. [15]).
To obtain the equation we will use, start with the Dirac equation (2.14) and change basis
to rewrite it in terms of
A ≡ ψ+ + iψ−√
2
, B ≡ iψ+ + ψ−√
2
, (3.1)
to get [
F∂r + iωτ3 +mF
1/2τ2 + f
1/2kτ1
](A
B
)
= 0. (3.2)
In terms of components,
(F∂r + iω)A = −
(
k − imr
L
)
f 1/2B, (3.3)
(F∂r − iω)B = −
(
k +
imr
L
)
f 1/2A. (3.4)
Rewrite the last as
f−1/2(F∂r − iω)f−1/2f 1/2B = −
(
k +
imr
L
)
A. (3.5)
Combining (3.3) and (3.5),
f−1/2(F∂r − iω)
[
f−1/2
(
k − imr
L
)−1
(F∂r + iω)A
]
=
(
k +
imr
L
)
A, (3.6)
9 Note in the k = −|k| case that any +2πiN ambiguity in the value of ln k = ln(−|k|) may be absorbed
through O(n0) by shifting the definition of n in (1.6) by an integer N , which is just a matter of labeling
convention for the quasinormal modes.
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which may be expanded to
(F∂r)
2A+
(
−r
2∂rf
2L2
+
imF
kL− imr
)
(F∂r + iω)A+ (ω
2 −m2F − k2f)A = 0. (3.7)
This equation does not involve any square roots of f . By multiplying through by kL− imr,
it will be possible to write an equation whose power-series solutions will have recursion
relations with a fixed number of terms.
We note in passing that the massless version of (3.7) is related to the Teukolsky equation
which is often used to simultaneously study massless fields of all different spins in D=4. We
point out the translation to a selection of formulas in the literature in appendix A.
Now factor out the behavior of the solution near the horizon and near the boundary by
writing
A(z) = z−mLe−iωr∗H(z), (3.8)
where z = L2/r. The equation for H is then
zf∂2zH +
(
2iωz − 2m¯f + z∂zf
2
− im¯f
kz − im¯
)
∂zH
−
[
m¯2
(1− f)
z
+ m¯
(
2iω +
∂zf
2
− kf
kz − im¯
)
+ k2z
]
H = 0, (3.9)
where we have introduced the dimensionless mass
m¯ ≡ mL. (3.10)
Multiplying through by kz− im¯, and specializing now to units where zh = 1, one can obtain
a recursion relation for a series solution
H(z) =
∞∑
n=0
an(1− z)n (3.11)
about the horizon. For D=5, this is a 6-term recursion relation for the coefficients an, which
is the shortest recursion relation we were able to find for the massive case. Specifically, for
D=5, the choice of units zh = 1 is πT = 1 and the recursion relation is
5∑
j=0
α−j(n) an−j = 0 (3.12)
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with
α−5 = −(4 + m¯− n)(5 + m¯− n)k, (3.13)
α−4 = (4 + m¯− n)
[
(20 + 4m¯− 6n)k + (−2− m¯+ n)im¯], (3.14)
α−3 = (−120− 54m¯− 6m¯2 + 85n+ 20m¯n− 15n2)k − k3
+ (24 + 18m¯+ 3m¯2 − 23n− 8m¯n+ 5n2)im¯, (3.15)
α−2 = (80 + 36m¯+ 4m¯
2 − 80n− 20m¯n+ 20n2)k + 2k3
+ (−24 − 18m¯− 3m¯2 + 32n+ 12m¯n− 10n2)im¯− ik2m¯+ (4 + 2m¯− 2n)ikω,
(3.16)
α−1 = (−18 − 6m¯− m¯2 + 32n+ 8m¯n− 14n2)k − k3
+ (8 + 6m¯+ m¯2 − 18n− 8m¯n+ 10n2)im¯
+ ik2m¯+ (−2− 2m¯+ 2n)m¯ω + (−4− 2m¯+ 4n)ikω, (3.17)
α0 = 2n(k − im¯)(−1 + 2n− iω). (3.18)
Our numerical method is to use this recursion relation to calculate all the an while
computing the value of H at the boundary as
H(z=0) =
∞∑
n=0
an (3.19)
(cut off at some suitably high value of n), and then to scan the complex ω plane to find
zeros of (3.19).
IV. NUMERICS COMPARED TO ASYMPTOTIC FORMULA
A. Massive D=5
We have already shown in fig. 1 one comparison of our D=5 numerical results for ωn with
the asymptotic formula (1.10) In order to check more accurately, it is helpful to study much
higher n and to plot the offset δn from the leading O(n) asymptotic formula, defined by
δn ≡ ωn
∆ω∞
− n ≡ ωn
2(1− i)πT − n (4.1)
(for D=5). Fig. 3 shows data points for δn+ from numerics
10 plotted against dashed lines
showing the asymptotic result taken from (1.10):
ωn±
πT
≃ 2(1− i)
[
n− i
2π
ln
(
n1/3
|k|/πT
)
+ 1
2
(|mL| − 1± 1
2
) +
1
24
+
iξ5
π
]
. (4.2)
10 Some technical details: To automate the scan for zeros of (3.19), we started our search for each n at the
value ω = ωn − 0.2 m¯i with ωn given by the asymptotic formula (4.2). Some readers may be surprised
that our numerical method was accurate enough to reach overtones as high as n = 128. We achieved this
by mindless brute force: we simply increased the precision of arithmetic used until we obtained stable
results. For example, the n = 128 results were computed using 3200-digit precision arithmetic.
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FIG. 3: A plot of the (a) real and (b) imaginary parts of the offsets δn defined by (4.1) for D = 5,
mL = 12 , |k|/πT = 0.1, 0.3, and 2.3, and the representative overtones n = 1, 2, 4, 8, 16, · · · , 128.
Data points are from our numerics, whereas the dashed lines indicate the value of δn that would
be given by the asymptotic formula (4.2). Note the different choices made for the horizontal axis
in the two figures, and that large n corresponds to the left and right hand sides of (a) and (b)
respectively.
In particular, the large n behavior of Im δn+ in fig. 3b clearly shows agreement with the
asymptotic logn and |k| dependence found in (4.2).
For the sake of comparison for anyone in the future making similar calculations, we
provide tables of some of our numerical results in appendix B.
B. Massless D=4
For the case of massless fermions in D=4, fig. 4 shows a comparison of our asymptotic
formula (1.12) with numerical results of Giammatteo and Jing [15]. In order to facilitate
comparison, it is useful to use (1.7) to recast (1.12) as
ωL2
rh
≃ e−ipi/3 3
3/2
2
[
n− i
2π
ln
(
n1/4
4|k|L2/3rh
)
+
25
48
+
iξ4
π
]
. (4.3)
Giammatteo and Jing study different sizes of black holes, whereas our asymptotic formula
was only derived in the large black hole limit, and so we compare only to their results for
their largest black hole. Their r1 is our rh/L, and their largest black holes correspond to
Table II of ref. [15] with r1 = 100. Their k is an integer, related to the mode of spherical
harmonics, but translates in the large black hole limit into our |k|L. In their Table II, the
columns labeled ℓ = 0 and ℓ = 1 correspond to their k = 1 and k = 2 respectively. Their
dimensionless ω quoted in numerical results is simply our ωL. That is, they work in units
where L = 1.
As in the earlier discussion of D=5, we also look at the offset δn, which in the D=4 case
is
δn ≡ ωn
∆ω∞
− n ≡ ωn
(3
√
3
4
− 9i
4
)rh
− n. (4.4)
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FIG. 4: Retarded quasi-normal mode frequencies in the lower-right quadrant of the complex ω
plane for massless D=4 Dirac fermions. The red circles are numerical results taken from the ℓ=0
column of Table II of ref. [15] and corresponds to |k| = 0.01 rh. The crosses show the asymptotic
formula (4.3) for ωn+. (We do not also show the ℓ = 1 results here because they would crowd too
close to the ℓ = 0 results.)
Fig. 5 shows data points for δn+ from Giammatteo and Jing plotted against dashed lines
showing the asymptotic result taken from (4.3). The agreement at large n (and even small
n) is quite good.
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Appendix A: Relation to Teukolsky equation
In this appendix, it will be convenient to set L=1. In the massless case, the form (3.7)
of the Dirac equation becomes
(F∂r)
2A− r
2∂rf
2
(F∂r + iω)A+ (ω
2 − k2f)A = 0, (A1)
If one now defines ψ1/2 by
A = f 1/4ψ1/2, (A2)
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FIG. 5: The (a) real and (b) imaginary parts of the offsets δn defined by (4.4) extracted from
the ℓ = 0 and ℓ = 1 numerical results (corresponding to |k| = 0.01 rh and 0.02 rh respectively) of
Table II of ref. [15] for massless Dirac fermions in D=4. The dashed lines indicate the value of δn
that would be given by the asymptotic formula (4.3). In order to align the overtones found in ref.
[15] with the ones given by our asymptotic formula, the overtone number n we use in this figure
corresponds to their n− 1.
then the equation becomes the Schro¨dinger-like problem[−∂2r∗ + V1/2]ψ1/2 = ω2ψ1/2 (A3a)
with
V1/2(r) = −14 F∂r(r2f ′) + 116 r4(f ′)2 + 12 iωr2f ′ + k2f. (A3b)
Though the above equations are valid in any dimension, they agree with the spin-1
2
case of
the Teukolsky equation [26]. The Teukolsky equation gives a unified description of arbitrary-
spin massless fields in certain D=4 metrics, and has been used by a number of authors to
study quasinormal modes for asymptotically flat Schwarzschild and Kerr-Newman. Our eqs.
(A3) are equivalent, for example, to the particular form of the Teukolsky equation given by
Jing [27].11 For more specific comparison to papers on asymptotically flatD=4 Schwarzschild
black holes, note that the metric (1.3b) has the same form as an asymptotically flat D=4
black hole metric if one identifies
F = 1− rh
r
, f ≡ F
r2
, (A4)
and takes x to be angular variables approximated as flat (an approximation that will make
sense in the limit of large spherical harmonics).
For discussion of the Teukolsky equation in asymptotically AdS4 spacetime, see ref. [28].
We our unaware of any generalization of the Teukolsky equation for arbitrary spin to D > 4.
11 Specifically, see eqs. (2.16–17) of ref. [27], taking s = 1
2
, and identifying Jing’s ∆ with our r2F = r4f and
Jing’s λ2 ≡ (ℓ+ 1
2
)2
with our k2. In earlier discussion, Jing’s R1/2 and R−1/2 are our A/rF
1/2 and −B.
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Appendix B: Tabulated numerical results for exact quasinormal frequencies
For the sake of anyone who might want to someday compare their own numerics to our
results, we tabulate some quasinormal mode frequencies in table I.
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n± ωn±/πT
|k| = 0.1πT |k| = 0.3πT |k| = 2.3πT
1− 1.09696 -1.80921 i 1.10987 -1.49754 i 2.75050 -0.76673 i
1+ 1.37370 -2.09426 i 1.69167 -2.10603 i 3.36431 -1.61242 i
2− 2.91046 -3.98067 i 2.91651 -3.60052 i 4.18969 -2.70882 i
2+ 3.29582 -4.28446 i 3.63039 -4.24441 i 5.01324 -3.65993 i
3− 4.80706 -6.05121 i 4.83157 -5.64176 i 5.93557 -4.75183 i
3+ 5.24680 -6.38134 i 5.59180 -6.31677 i 6.82779 -5.71511 i
4− 6.73512 -8.09412 i 6.77754 -7.66773 i 7.78860 -6.79412 i
4+ 7.21246 -8.44691 i 7.56440 -8.36564 i 8.71124 -7.76006 i
5− 8.68030 -10.12411 i 8.73829 -9.68687 i 9.69036 -8.82896 i
5+ 9.18625 -10.49627 i 9.54318 -10.40232 i 10.62949 -9.79610 i
6− 10.63622 -12.14674 i 10.70765 -11.70209 i 11.61867 -10.85756 i
6+ 11.16516 -12.53573 i 11.52585 -12.43157 i 12.56796 -11.82560 i
7− 12.59951 -14.16467 i 12.68262 -13.71478 i 13.56322 -12.88148 i
7+ 13.14755 -14.56851 i 13.51120 -14.45582 i 14.51937 -13.85031 i
8− 14.56816 -16.17939 i 14.66151 -15.72568 i 15.51857 -14.90188 i
8+ 15.13247 -16.59648 i 15.49851 -16.47650 i 16.47963 -15.87145 i
9− 16.54088 -18.19178 i 16.64330 -17.73526 i 17.48153 -16.91957 i
9+ 17.11930 -18.62085 i 17.48731 -18.49450 i 18.44628 -17.88985 i
10− 18.51678 -20.20244 i 18.62730 -19.74380 i 19.45007 -18.93514 i
10+ 19.10763 -20.64240 i 19.47728 -20.51042 i 20.41770 -19.90608 i
11− 20.49524 -22.21175 i 20.61306 -21.75153 i 21.42288 -20.94902 i
11+ 21.09715 -22.66170 i 21.46821 -22.52467 i 22.39281 -21.92057 i
12− 22.47579 -24.22000 i 22.60023 -23.75858 i 23.39904 -22.96152 i
12+ 23.08766 -24.67915 i 23.45992 -24.53757 i 24.37085 -23.93364 i
13− 24.45809 -26.22738 i 24.58857 -25.76508 i 25.37786 -24.97286 i
13+ 25.07898 -26.69508 i 25.45229 -26.54933 i 26.35126 -25.94552 i
14− 26.44186 -28.23405 i 26.57789 -27.77110 i 27.35888 -26.98325 i
14+ 27.07099 -28.70971 i 27.44522 -28.56015 i 28.33362 -27.95641 i
15− 28.42690 -30.24012 i 28.56804 -29.77672 i 29.34171 -28.99281 i
15+ 29.06360 -30.72324 i 29.43864 -30.57015 i 30.31760 -29.96644 i
16− 30.41304 -32.24569 i 30.55890 -31.78198 i 31.32606 -31.00166 i
16+ 31.05672 -32.73580 i 31.43247 -32.57945 i 32.30296 -31.97574 i
32− 62.27210 -64.30027 i 62.46486 -63.83934 i 63.17895 -63.09203 i
32+ 62.98480 -64.86574 i 63.36594 -64.67616 i 64.16344 -64.07078 i
64− 126.1455 -128.3494 i 126.3765 -127.8987 i 127.0593 -127.1758 i
64+ 126.9158 -128.9869 i 127.2987 -128.7680 i 128.0481 -128.1587 i
128− 254.0314 -256.3974 i 254.2921 -255.9603 i 254.9567 -255.2553 i
128+ 254.8486 -257.0999 i 255.2307 -256.8559 i 255.9482 -256.2417 i
TABLE I: Numerical results for ωn± in right-hand complex plane for D=5 and mL = 12 .
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